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Abstract. This article demonstrates why a grami-
cidin-like pore features ion-specific conductivity
with the sequence Cs*> Rb™> K'> Na'> Li".
The starting point is a generalized transition state
method for escape across multi-dimensional bar-
riers. This model-independent procedure provides
an adequate description of the transport process for
tons along the interior of a channel-like molecule
with flexible ligands. Moreover, the proper treat-
ment of three-dimensional motion of ions within the
channel allows for a cross-coupling with the ligands’
motion. It is shown that the particle migrating along
a sequence of binding sites actually corresponds to a
polaron, where the individual dwelling times
strongly depend on the ion’s radius.
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Introduction

The passive transport of alkali ions through mem-
brane pores is a very complex process and is only
fairly well understood in certain simple cases, where
the structure of the pore forming molecule is known,
as is the case for gramicidin A (Urry etal. 1971,
Urry 1971). The transmembrane motion is per-
formed in several physically distinct steps. In aque-
ous solution, outside the membrane, the cation
carries a hydration shell. Due to strong electrostatic
interaction the effective mass of the hydrated ion
increases with decreasing ion radius, and thus the
effective mobility of the hydrated ion in water in-
creases with increasing ion radius. The diffusion
process may be considered as a continuous random
walk, i.e. as Brownian motion of the hydrated
cation. Upon entering the interior of a channel-like
molecule, some of the water molecules have to be
stripped off the ion for steric and energetic reasons.

For this process it seems (o be very important that
the channel can respond to the presence of the ion. If
the interior 1s lined with flexible ligands carrying
permanent dipole moments, the polarization effect
of the ion with respect to the former is the same as
with respect to accompanying water molecules. In
such pores the reorienting ligands may replace some
of the water molecules of the former hydration shell
and thus significantly lower the effective dehydra-
tion energy. On the other hand an appropriate
equilibrium orientation and additional polarization
of the ligands lowers the energy barrier imposed on
the self-energy of the penetrating ion by the pres-
ence of the membrane (Schroder 1984). Due to the
more or less regular spacing between ligands in the
channel interior the potential profile is given by a
sequence of binding sites and barriers, giving rise to
a discrete random walk of the ion or another migrat-
ing particle (Schroder 1983a).

This well balanced system consisting of aqueous
solution, membrane, and molecular channel not only
allows for a relatively easy passage of ions including
water, but can also show an extremely sensitive ion-
specific selectivity, where effective transport rates
may differ by orders of magnitude for different ion
species. In a previous publication the diffusive
process in the form of a one-dimensional random
walk for a given set of barriers and binding sites has
been discussed and found to be appropriate for well-
defined activation energies (Schroder 1983a). A
more realistic approach deals with flexible ligands
and has the ion’s motion restricted to the channel
axis (Schroder 1983 b). This investigation shows that
the mass relevant for the jump process is the effec-
tive mass of the ion, which is composed of the ion
mass plus the masses of all constituent ligands with
their relative weight depending on the distortion
field. Thus the actual particle to be considered is the
“dressed” ion, the classical counterpart of the small
polaron, which means that the mutual coupling
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between ion and ligand motion is essential for the
transport process. But because of the restricted ion
motion the model turns out to be too limited; due to
the simple nature of the Coulomb interaction, the
transport process is in this case independent of the
ion’s size, a quantity which is certainly relevant for
the selectivity process. In order to obtain a more
realistic description, one has to allow for a three-
dimensional motion of the ion within the channel.
This has been done recently for the simple case of a
channel with rigid ligands (Schroder 1985). There it
was found that the competing effects of ion size and
mass lead to an inversion of the selectivity sequence
which would be obtained from the mass dependence
alone. For each binding site within the channel the
selectivity follows the Eisenman sequence I (Eisen-
man 1967).

It is the aim of the present work to investigate
the influence of flexible ligands on the transport
process for ions which can be distinguished by both
size and mass, and which can move about arbitrarily
inside the channel. It is clear that selectivity se-
quences observed for different channels are to be
taken as effective sequences, i.e. they arise from
both intrinsic channel properties and environmental
properties. Since the present calculations only yield
transport rates due to channel specific properties,
conclusions concerning the corresponding effective
rates must be drawn with care. Possible implications
will be discussed in the last section of this article.

The theoretical discussion of transport properties
in systems of interacting particles requires a model
of the mutual interaction itself, which is usually
static in nature, and a model-independent transport
theory, which is kinetic. As long as migration be-
tween neighbouring, well defined binding sites is
considered, a rate theoretical approach seems to be
adequate to describe the basic transport mechanism
(Woodbury 1971; Lauger 1973, 1979; Levitt 1978a,
1978 b; Hille 1975; Eisenman et al. 1978; Eisenman
and Sandblom 1983). However, in all cases, the
motion of the ion was assumed to be effectively one-
dimensional both in real and phase space. Recently
a rate theory allowing for one-dimensional motion
in real space and multi-dimensional motion in phase
space was introduced (Schréder, unpublished). In
the present case the motion of the ion is three-
dimensional in real space and multi-dimensional in
phase space, which is in principle not different from
the one in the previous case. Both situations require
the calculation of escape rates across multi-dimen-
sional barriers, where the topology of the hyper-
surface created by the many-particle potential fol-
lows the motion of the ion. This situation is typical
for all systems in which a meta-stable many-particle
configuration performs a transition into a different

configuration either by emission or absorption of
one of the constituent particles. In Sect. I the cor-
responding generalized rate theoretical formulation
is introduced. It allows an application to all prob-
lems in which the many-particle potential implies a
rate theoretical approach. In Sect. II the interaction
model is presented and discussed. The numerical
evaluation and discussion of escape rates in relation
to molecular parameters follows in the last section.

I. Generalized transition state method for multi-
dimensional barriers

Consider a many-particle system consisting of »
degrees of freedom denoted by the vector x = {x,],
(u#=1,...,n). The mutual interaction of all particles
is supposed to be described by the potential ¥ (x)
which, for example, may be represented by a sum of
pair-potentials or any form of a conservative many-
body interaction. Among all possible systems we are
interested in the subset of systems which in addition
possesses distinct equilibrium states. These states
can be identified by local minima on the hyper-
surface of the multi-dimensional potential, V'(x). If
the system is thermally activated, i.e. subjected to a
heat bath, it may perform transitions from one local
minimum to the next one. The basic conception of
the transition state method requires the assumption
that a configuration, which initially dwells near a
minimum eventually reaches a saddle point by
thermal activation and from there passes to the next
minimum (Kramers 1940). The mean reaction path
follows the valley connecting two local minima along
the hyper-surface of V(x), and the general coordi-
nate-free expression for the rate, I, is obtained from
the total unidirectional flux across the saddle point
(Vineyard 1957).

I'=fo(%x) (xdS)dx, xdS>0. (L1)

Here g(x,x) is the Boltzmann distribution function
and dS is a hyper-surface element of dimensionality
n—1, |dS|=d"'x, cutting through the saddle
point. The condition ¥ d.S > 0 guarantees that all con-
tributions to the flux through d§ in forward direc-
tion are counted. As long as a transition is possible it
can be defined with respect to one degree of free-
dom, e.g. x,. If the system is initially near a local
equilibrium, a variation of x, will cause a deviation
from this state involving all other degrees of free-
dom. The direction in which the system moves in
n-dimensional configuration-space is then given by
the tangent vector

d Xy (Xn n
—r={x—”(i)— dx}, p=1,...,n—1 12)

dSO dS() ’ dS()



of the probability current, where ds, is the arc
length to be associated with the motion of the
system in phase space. Thus the rate with respect to
X, can be calculated from the projection of the
probability current j (x) onto the reaction coordinate
Xx,. With

=17 48 = o () 5 dS 3
and

Jo @)= o(%,%) kyd"%, X,>0 (L4)
the rate is given by

I,= o d X d X, %> 0. (L5)

Thus 75, is known if the arc length dsp is known.
Bearing in mind that the system at any given value
of x, represents an equilibrium configuration with
dx,
respect to the other n—1 degrees of freedom, d— is
So
readily obtained. The total energy of the system sub-
jected to the heat bath is:

E(x,x)=—

7 m, 2+ V(x) . (L6)

Then the desired equilibrium configuration is ob-
tained from a set of n —1 equations

oV (x)
0x,

= fu (X (xn), x,) =0, (L7

where £(x,) = {%,(x,)}, (u=1,...,n—1) denotes
the equilibrium positions depending on the selected
X,. Switching to new coordinates ¢ = {g,} defined by

X, =%, (gn) + Qu> Xn={n (L8)

which refer to possible deviations from the equilib-
rium values determined by Eq. (L7), the energy can

be written as:
(L9

1 1 0%, 2
E(q.9) = = M gn+ Z mu(a qn+qu) +V(g) .

The determination of the saddle point configuration
requires:

=0, (u=1,...,n—1),
g, =0, (u=1,...,n—1).

The corresponding energy is:

| "Um, {0%,\2 .
E=— —EN=E 12+ V() - .
5 m,,{lﬁ-;:l . (6%)}% (9r) (1.10)

The kinetic energy can be written as:

_1 o2
Ekm =73 MySH.
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ds, dg,
From $p = dq(:, dqt we have:
3‘1" _ L . (L11)
% 1+Zﬂ%%ﬂ
=1 My 5%
Hence we find for the rate I,:
1
= P §0(4,9)¢.d" g, d"q,
> 0. 112
b Z (0%) ‘ (112
The normalized distribution function is given by:
e~ FPE@.9) 1
0(g.q9) = p= (L.13)

fe—ﬁE(q drg dg kT

The integration over the velocities, ¢,, can be
carried out by factorizing the integrand, and yields:

J e FBu g, d7g _]/ kT
{etbmdrg ¥V 2am,
Thus the resulting expression

kgT 0(g,=c¢)

27 Mgy ©

i 0(4.) dg»

contains the effective mass
-1 A
" ox,\?
Plegp = My + D, M £ )
8 :él # (5%
and the configurational integral
(g =fe?@d'yg (1.16)

which is closely related to the potential of the mean
force, Kir(gn):

0 (g:) = QoePHatsy 117)

The normalization constant g, is the configurational
integral in the absence of the n-th particle:

Qo=1im 0(4,).

L= (1.14)

(L15)

Combining Eqs. (I.14) and (1.17) we finally obtain:

kB T e“ﬂ W (c)
E=V2 -
TT Megr

j e_ﬁzﬂ'(qﬂ) dqn

a

(L18)

The integration along ¢, encloses two neighbouring
saddle points located at ¢,=a and g,=c.

The structure of the expression for the escape
rate, Eq. (1.18), obviously does not depend on the
dimensionality of the problem. Whereas for a one-
particle system its mass and the given potential
appear, these quantities are automatically replaced
by both effective mass and potential of the many-
particle system. In general the diffusing particle
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behaves as a dressed particle which depends on all
other masses and the mutual interaction via the
Py

a:ﬂ;' The result of Eq. (L18) is
completely identical with the one found previously
in connection with the earlier channel model (Schro-
der 1983c). It seems remarkable that the present
result could have been obtained directly from an
effective one-particle energy, namely:

distortion field {

©
an dqn e—ﬂEeff(qn.C)
0

b (L19)
and
Eeff (Qn » qn) = % Metr q;21 + Iéff (Qn) . (120)

In its present form, [, holds for all temperatures as
well as for arbitrary deviations of the ¢, from zero,
in contrast to the harmonic approximations used
elsewhere (Vineyard 1957; Weidenmiiller and Zhang
1984). Although there is no need to restrict the ap-
plication of rate theory to the low temperature limit,
we will discuss this approximation briefly because
of its familiar form.

Let Vi (b) be the minimum between two en-
closing maxima WKx(a) and ¥i(c). Then the low
temperature approximation of Eq. (L.18) is given
in the form of the famous Arrhenius law:

1 T
a2V 2D it gp s kT,

1.21
2a V. mey (42D
d* ¥sr (¢
x(T) =——df;%l i’ AE = Ve (c) — Ve (D) -

Note that »(7) is temperature-dependent due to
possible anharmonic contributions of the ¢,, and
that 4E. is a free energy with the entropy of activa-
tion
0 Q(c)

The very concept of rate theory is reflected in Eqgs.
(I.18) and (1.21) with the use of the equilibrium dis-
tribution function of Eq. (I.13). It has been assumed
that an equilibrium configuration of all other de-
grees of freedom can be ascribed to each value of
the reaction coordinate, g,. Nevertheless, fluctua-
tions around equilibrium appear and are actually
time-dependent. They are taken into account by
averaging over the subspace perpendicular to g,
Eq. (I.16). At any given instant the contour of the
potential hyper-surface may look very different
from the equilibrium contour. Consequently the
mean reaction path is the average of all possible and
actually performed passages from one minimum to

(1.22)

the next, where any deviation from the mean can
contribute to the entropy, Eq. (1.22). However,
whereas it is true that an equilibrium configuration
is assumed by the system for any given value of ¢,,
it is generally not true that this happens instanta-
neously following a change of ¢,. It is a well known
deficiency of the transition state method that it
ignores the history of the system prior to a possible
transition. But memory effects can become impor-
tant if the time needed for an adjustment of the
system is compatible with the dwelling time in a
local minimum or is large compared to it. This is
the case if the characteristic frequencies associated
with the conformational changes of the system are
not large compared to the frequency in the well. For
a given set of elastic constants

_¢ra
aqi qu=0

the frequencies decrease with increasing masses m,,.
Therefore it cannot be expected that Eqs. (1.18) and
(I1.21) describe the transition correctly if the m,
become too large. As it has been shown before, the
correction of the rate due to the effective mass may
nevertheless become considerable for significantly

differing masses within the range of its validity
(Schroder et al. 1983).

U

II. The channel model

The present model combines all properties of the
previously used ones (Schroder 1984, 1983 ¢, 1985).
The Coulomb interaction with an ion is determined
by a helical arrangement of flexible, permanent
dipoles which are pointing towards the channel axis
with their negative ends. Such flexible ligands, in
the form of peptide carbonyl groups are present in
the interior of a gramicidin A channel. The helix is
assumed to be periodic with constant pitch, P=6A,
over a total length of 30 A, carrying 6 dipoles of
pairwise alternating orientation per turn. The Cou-
lomb interaction of all ion-dipoles pairs for an ion at
arbitrary position 7, is given by

UVimg S PG

p=1 ‘7”7;1‘3 |

IL1)

where ¢ is the ionic charge and p, the dipole moment
with p=|p,|=q’d, where ¢'=04e is its effective
charge and d=1.24 A, its length. The dipoles them-
selves can perform a hindered rotation in a plane
spanned by the radius, R=3A, and the axis of the
helix. For further evaluation it is convenient to write
the Coulomb term in the following form:

30 N
-z +(@—
Ui=—gq 3 (=20 ) Prut @) Pry

‘?_?AP

(IL.2)

u=1



Here we have introduced the lattice constant zy=1A.
Also: |g,/=R, pj,=pcosd,
and |Pi, | =psind,.

Since all p, are pointing towards the z-axis, one may
use the linear-dependence between p, , and g,:

Pru=28u, ;L=!];—sin9ﬂ_
Thus one obtains: aL3)
Ve pg 3 G201 0039, 7 RGE/R~Dsin,

= Ve=zom?+ @ —8"
Because the purpose of the present investigation is
to study the ion size controlled selectivity effects of a
given channel configuration, we neglect the head-to-
head binding effect of the dimer (Pullman and
Etchebest 1983; Etchebest and Pullman 1984; Etche-
best et al. 1984).

The self-energy of the empty channel is given by
the elastic but anharmonic restoring forces acting
upon each individual dipole:

30
Vo= =0 p 2, {c0s(8,~6,)~1}. (IL4)
Py
The polar angles, ©,, represent the undistorted
equilibrium orientation of the dipoles with respect
to the channel axis, whereas ¢, is the elastic coupling
constant, being equal for all dipoles. The corre-
sponding harmonic potential for small deviations
from &, would be given by

V;est ~ —;' &P z (‘9/1_ @,u)z .
u

However, in the present case all calculations will be
carried out with the full anharmonic expression,
Eq. (IL4), describing hindered rotation. This proce-
dure guarantees a bounded displacement

— =< — =
n=3,~-0,=n

and a correct treatment of the actually temperature-
dependent effective potential.

The third contribution to the total interaction in
this model is its repulsive part. In contrast to the
Coulombic part the much more complex repulsive
interaction occurs between the ion and all constituent
parts of the molecular channel. Thus it seems to be a
fairly good approximation to assume an effective
“smeared out” potential of the form

(IL5)

which 1s actually the harmonic approximation of the
complete repulsive term. Thus ¥, represents the
rest of the non-Coulombic interaction and incorpo-
rates ionic as well as molecular properties. We shall
revert to this point later.

Vrepz%%()gzs
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So far the total interaction 1s the sum of Egs.
(I1.3) - (IL.5):

V(iza{‘g/lll)
L (z—zopu)cos ¥, + R (88,/R*—1)sind,
:_pqz 2 = = 103
p=1 V(z—zo )*+ (@~ 80)

30

—ep ., cos(9,—0,)— 1} + 1 0% (IL.6)
u=1
According to Eq. (1.6) the total energy is
30
E=1d>3 m, $+1myF2+V(#{9,}), L7)

p=1

where my is the mass of the ion. Altogether this
system possesses 33 degrees of freedom, where 3 of
them belong to the ion. The transport quantity of
interest is the jump rate from well to well along the
channel. Thus the reaction coordinate to be selected
is the z-axis. Thercfore, the remaining 32 variables
are subject to a linear transformation according to
Eq. (I.8). For this purpose it is convenient to start
with the angular variables 4, for which we write:

(IL8)

Here .gy:gﬂ (#) is the equilibrium orientation of
the u-th dipole following the position of the ion.
o, 1s the spontaneous deviation independent of 7.
The set of 30 J, is obtained from the set of 30 condi-
tions

oV (F, {9,

8, =9, +a,.

= 0! I1.9
5, (IL9)
The use of the formulation
V(7 (9,)

30
=— ), {4, (# cos8,+B,(F) - sind,— & p} +3 % 0
u=1

yields the equilibrium orientations as:
A, (F)
V Au(F) + B, ()

The change of variables to the set {«,} simplifies the
expression for the potential energy:

30 (L11)
2 [W, (P cos o, — e pl+ 1m0 0.

u=1

cos §, = (11.10)

V(7 {o,))=—

The summation coefficients used are:
W.(# =V A4, +B, (7,
pq(z—zop)
Ve—zop?+ @8>
PqR(@8,/R* - 1)
Ve—zouy+ @ - 8"

A,(F) = +egpcosO,,

B,(¥) = +epsin®, .
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In the form of Eq. (IL.11) the potential is described
correctly for any position of the ion. However, the
ion’s motion is restricted to the interior of the
channel, so that | g | < R holds generally.

In our interaction model such a confinement of
an ion can always be guaranteed by the choice of a
sufficiently large parameter, »y. In the limit »y — oo
the motion is restricted to the channel axis, thus a
finite value of », is associated with a finite deviation
go off the z-axis. At any given position along the
z-axis an equilibrium position gy (z) can be found,
where the Coulomb forces just cancel the repulsive
forces. Considering a finite ion radius as well as a
spatial extension of the ligands, |g,(z)| must be
considerably smaller than R. With this condition an
expansion of V(g,z,{x,}) around ¢g=0 is justified.
Since the repulsive part is already given as a
harmonic expansion, it is only necessary to expand
the Coulomb term up to second-order in g, thereby
avoiding third and higher-order cross-terms in g and
0. In order to retain the full anharmonic depen-
dence on the ,, we use the identity

W, (%) coso, = W, (¢,z) (cosa,— 1) + W, (g,2) .

The first term on the RHS starts with «2. Therefore
any expansion term other than W, (0,z) would lead
to a higher than second-order contribution in g and
a,. The second term is expanded up to terms in g2,
leading to the following approximation:

— — a —
W, (F) cosa, = W, (0,z) cosa, + @ 733 W,(8,2)

=0

(IL12)

—

¢=0

1{, 6\ .
+?(9—ag) W,(¢,2)

It should be noted that in this approximation the
equilibrium orientations §, are not taken for g=0.
In contrast, Eq. (II.12) implies an expansion of the
9, up to second order in g. With the substitution of
Eq. (I1.12) into Eq. (IL.11) and a rearrangement of
terms we obtain

30

V(# o)) = - Zl (W, (2) cosa, — & p)
i

+A()d+1B@)8 (IL13)
with
30
A== )
( ) ,ugl ag e=0
and:

- g o 30 .
B@y=1 - X W)
u=

=0
The equilibrium position gy (z) follows from

0V(Z> @a {a#})

7 =0.

Hence:
Go(2)=—B(x)1 - A(2). (11.14)

The stability of the equilibrium position is guaran-
teed by the simultaneous conditions

By > 0 and B]]Bzz—Blzz >0
for the dyadic

B (Bn BIZ) '

BIZ BZZ
In analogy to Eq. (IL.8), g is split into go (z) and the
deviation from equilibrium d&g:

¢=200(z)+ 8. (I1.16)

With the use of Eq. (I1.14) we finally obtain the
desired form of the potential corresponding to ¥ (q)
in Eq. (1.9):

(IL15)

30

V(27 567 {a,u}) == Zl [VVII (Z) COS 0y, — Eop]
P

~LAB A+ 158 B3 (IL17)

In the next step the kinetic energy must be expressed

in the same new variables. For this purpose we start

again with the angular variables:

30

Ewm=1d2) my(VI,F+a,) +1m#.
u=1

(IL.18)

Here we must consider a correction of the equilib-
rium orientation, $,, due to a deviation of the ion
from the z-axis. Using the linear response ap-
proximation, i.e. carrying only first-order deriva-
tives, namely

~ A L 0 4
gp(r)z‘gu(osz)+ga_§‘9u(gaz)

=0

we obtain for the kinetic energy:

1,2 83\ s . (9§ 2
k 2 ,uz=:1 o 0,1_) Z,'=OQ 0z Z,'=()Z + OC'u

+ % mo (82 +22) . (IL.19)
In addition we have to introduce
- a_é() - —
0= o - + 8¢,
where g, follows from Eq. (IL.14).
Hence:

1,2 04,\ 08, (08
hamLed (28] B () .
k 2 ﬂgl # (99 3=0 ﬁz 02 Z;=0

a9 2
+|—=| ¢ +a }
(59 3=0 ¢ %
1 650 . — z _2}



In the {inal step the effective mass and the potential
of the mean force have to be evaluated. The effec-
tive mass is obtained directly from the projection of
the mean reaction path onto the reaction coordi-
nate z:

d
|/meff =MHS‘_O“

The static equilibrium configuration is in any case
defined by

o, =0, @, =0,
66=0, 0¢=0.

Thus the effective mass is

(u=1,...,30)
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The first term on the RHS of Eq. (IL.24) is the re-
stricted free energy of the system with the ion
moving along the z-axis, whereas the second term is
the negative free energy of the empty channel. This
term serves to normalize the former, i.e. lim Wg=0.

|z] =
The third term represents the temperature-in-
dependent correction of the potential due to the
actual three-dimensional motion. The fourth term is
purely entropic; its presence reflects the fact that the
projection of the mean reaction path onto real space,
namely the equilibrium path {g¢(2),z}, is the

Megp = l/m 1+ +d?> m, || —+
T O[ ( oz ,z‘l “1\ 08 Jz=0 Oz

where z has to be taken at the saddle point. The
configurational integral, Eq. (1.16), is for the present
potential, Eq. (IL.17), given by a product of integrals

Q(2)=Je " d"y-d*(e).
which can be factorized as follows:
0 () = 3B [ o108 42 (55)

30 +1
. H f qu el Wz —eor]

n=1 -1

Here cos o, = y, has been used. (11.22)
30 —Beo oW,
Q(z):z_nkge%ﬂgu—lj'ﬂ e f P(eﬂ%_e ,BW) }
M u=1 ﬂ [/V#

The configurational integral, Eq. (IL22), in the
absence of the ion is simply given by:

‘Zliinw 0(2)=0o.

With lim W, (z) = &p follows:

lz]= o0

2nkgT e~ Beop (eﬂSOP-—e_ﬁEOP) 30

1.23
O %o Beop ( )
Finally we obtain from
& = g Bl
Qo
as the potential of the mean force:
30 .
sinh (S W,)
Ve (2) = — kpT ), In————F=
£ (2) B ,;1 AW,
30 :
+kpT S In sinfi (S e p)
u=1 ﬂ &p
1 - B8-17 0
——AB'4A—kpTIn — . (11.24)
2 detB

asﬂ)

z

2
] , (I1.21)
0

.

0=

average of all possible trajectories
{00+ 30,2} .

An analogous argument holds for the entropic part
of the first term on the RHS of Eq. (1I.24). The
potential of the mean force for zero temperature is
identical with ¥ (z, dg, {«,}) for 6¢ = 0 and all a, =0,
i.e. with Vin Eq. (1.10)

30
lim V() == 2 (W—eop) ~3A B4, (125)
T— p=1
In the following section the numerical results for the

equilibrium path {go(z).z}, the potential Vs (z) and
the rate

F:]/ kg T

2T Megg
eff 5d: e—ﬂ%rr(z)
a

o= Bla(@)

(1L.26)

will be discussed in detail.

I11. Discussion of numerical results

All quantities of interest, such as the equilibrium
path, the potential of the mean force, the escape
rates, etc. are the results of elementary calculations.
All derivatives can be evaluated analytically and
have been fed into an appropriate numerical routine
performing the summation over all dipoles and the
one remaining numerical integration in the con-
figurational integral, Eq. (IL.26). This procedure
requires the input of the dipole position-dependent
undistorted equilibrium orientations @,, as intro-
duced in Eq. (I.4). In order to obtain a gramicidin-
like structure, orientationally alternating dipoles in
the following sequence are used:

@uzzg(), @ﬂ+1=180°—80,
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where 9y=-—20° and @, =9y. There are two free
molecular parameters & and »,, which are replaced
by the dimensionless quantities

_wd 1w
q ’ 3 W

. _qp . .

with ¥y =-5-. The position along the z-axis is

]

expressed by {=z/zy. The two variables ¢ and x
control the flexibility of the ligands and the size of
the ion, respectively. For ¢=0 the dipoles are
rotating freely, whereas for & — oo they become
rigid. For a given temperature 7, ¢ is representative
for the average fluctuations of the individual
ligands. Only at T= 0 do all a, vanish identically. At
finite temperatures all even moments {¢2") are dif-
ferent from zero:

§ cos a, ef¥coss d (cos o)
| e#Mueost d (cos a,)

{cosa,y =

Hence:

{cosa,y=coth (B W,) — (II1.1)

BV,
If there is no ion in the immediate neighbourhood
of a dipole, its mean deviation can be approximated
by

1
Bl

Librations of the ligands between 10° and 20° at
room temperature are reasonable. Thus the corre-
sponding values of ¢ with 0.25 < ¢ < 0.8 can be con-
sidered realistic.

The meaning of x becomes obvious from Eq.
(IL14); it can be seen that x directly determines the
shape of the three-dimensional equilibrium path
along the channel. For large » the deviation off the
z-axis becomes proportional to »~! and shrinks to
Zero as x — oo, i.e. the motion becomes linear. The
smaller » is, the smaller the separation between the
ion and the negative end of a dipole can be. This
separation is finally only restricted by the ion radius
and the spatial extension of the ligands. In the
present model the steric contribution of the ion-
channel interaction is represented by an effective
inner radius, Reg, of the pore and the ion radius, R;.
Since x is position independent, R defines a cylin-
drical hole with constant radius. For a given ion
radius the relation

{cosa,y ~ coth (B V&) — (IIL2)

(IIL.3)

fixes the maximum possible deviation, |@max|, off
the axis. On the other hand go ({) is finite for any »
as long as the condition of Eq. (IL.15) is fulfilled.
Therefore the value of x to be associated with a

‘ EMaX ‘ = Reff - R,

given ion radius is easily identified with the aid of
Eq. (IIL.3). There is a one-to-one correspondency be-
tween x and the required | gy, | for a given channel.
Different channels are to be distinguished by dif-
ferent parameters, e. Since there is a coupling
mechanism between the three-dimensional motion
of the ion and the reorientation of the dipoles, it is
clear that any value of x satisfying Eq. (I11.3) implic-
itly depends on & Requiring the same maximal
distance off the z-axis for the same ion in different
channels leads to different values of ». Consequently
only one independent parameter, namely ¢, remains
if ion radii and effective pore radius are considered
as constants. For the present model Ry = 2 A, which
again comes close to the pore radius for grami-
cidin A. Using the Pauling radii for alkali ions the
equilibrium path has been calculated for all five
ions and for two different channels with ¢ = 0.05 and
&= 0.3, respectively. The graphic results are shown
in Fig. la—d for sodium and caesium. For both Na*
and Cs* there is a distinct difference between a
“soft” channel with ¢=0.05 and a “hard” channel
with ¢=0.3. Whereas the projection of the path
onto the molecular x—y plane is almost circular for
the former, it shows cusp-line turning points for the
latter, especially in the case of Na™. In all examples
the respective |@m.:| appears periodically with a
three-fold symmetry and can easily be determined.
Actually, | @ma | can be represented as a function of
» for a given ¢ This has been done explicitly for
¢=10.3 in Fig. 2. Fixing | 8max | by Regr— R; one imme-
diately obtains the relevant ». This procedure yields
the following list of parameters for the five alkali
ions:

RiTAl  [Bunl[Al  %(=005) x(e=03)
Lit 0.60 1.40 0.0322 0.0372
Na* 0.95 1.05 0.0377 0.0419
K* 1.33 0.67 0.0500 0.0525
Rb* 1.48 0.52 0.0598 0.0611
Cs* 1.69 0.31 0.0896 0.0868

According to this list a well defined value of x de-
pending only on ¢ can be attributed to each specific
ion with a given radius. The method employed here
will also be used later to calculate the jump rates for
the complete set of alkali ions, depending only on
the ligand flexibility. The quantities shown above
have been used to evaluate the different channel
profiles from Eq. (IL.24) as seen by the five different
ions. These examples are demonstrated in Fig.
3a+b, where only one half of the symmetric (with
respect to {) potential is shown.
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< =0.050 a

< =0.050 C

<€ =0.300 b

<€ =0.300 d

Fig. 1a. The three-dimensional equilibrium path of a Na* ion along a “soft” channel (¢ = 0.05) and its projection onto the mo-
lecular x—y plane. b The three-dimensional equilibrium path of a Na't ion along a “hard” channel (¢=0.3) and its projec-
tion onto the molecular x—y plane. ¢ The three-dimensional equilibrium path of a Cs* 1on along a “soft” channel (= 0.05)
and its projection onto the molecular x—y plane. d The three-dimensional equilibrium path of a Cs* ion along a “‘hard”

channel (e = 0.3) and its projection onto the molecular x—y plane

For a discussion of the characteristic properties
let us recall the expression for the potential:

_ 2 sink (S W,)

Ver (§) = kBTﬂZ‘l In —ﬁWu
sink (BVe))*

+kBT1n {_—ﬂ%g ]

NY)

B A —kyTin —28

1
2 2V detB

(IIL4)

It is clear that larger ions, such as Rb™ and Cs*, are
moving around in the immediate neighbourhood of
the channel axis, whereas smaller ions, such as Li*
and Na™*, can dive into the ligand conformation. The
consequence is a generally decreasing activation
energy for the individual wells with increasing ion
radius and an increasingly flat structure of the whole
channel. It is also very instructive to see that some of
the maximal 15 binding-sites disappear for the
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Fig. 2. The maximum possible separation between channel
axis and ion centre as a function of the coupling constant ».
The values for the five different ions are shown by dashed
lines

larger ions. This striking result leads to the con-
clusion that phenomenological channel models with
a fixed number of binding sites and barriers are
probably not appropriate to correctly interpret ex-
.perimental findings. The same channel may appear
differently to different ions. The third and the
fourth terms on the RHS of Eq. (Ill.4) are respon-
sible for the variation of the potential if the ion can
move off the axis. Dominating is the third term,
which of all terms gives the largest contribution to
the activation energy, whereas the entropic term
shows rather small variations. If » is large enough,
both contributions can be neglected, and the only
varying term is the first one on the RHS of Eq.
(ITIL.4). Tt describes the potential in the case of the
one-dimensional motion along the axis. The profiles
for Cs* are essentially due to this contribution.

A variation with respect to ¢ affects the potential
in two different ways. Firstly, decreasing ¢ increases
the total binding energy of the whole channel (note
the difference in scale between Fig. 3a and b!).
Dipoles of high mobility reorientate easily towards
an ion with the tendency of charging the channel
interior more negatively. Secondly, the individual
activation energies increase monotonically with in-
creasing ¢ until a maximum value is reached asymp-
totically for ¢ — oo, if » is large. In the case of small
ions the situation is different. For constant » the
activation energy of a single binding site reaches a
maximum in the vicinity of ¢~ 0.3 and decreases
monotonically for larger values of ¢. For constant ¢
the activation energies are increasing with decreas-
ing %, as can be seen from Fig. 4, which shows the

POT.ENERGY/KELVIN a

POT.ENERGY (KELVIN) D

Fig. 3a. The potential profiles due to Coulomb and polariza-
tion energies as a function of the respective ion position, ¢, for
the five alkali ions in a “soft” channel (¢ = 0.05) at 7= 300 K.
b The potential profiles due to Coulomb and polarization
energies as a function of the respective ion position, {, for the
five alkali ions in a “hard” channel (¢ = 0.3) at 7= 300 K.

activation energy for the central binding site
(14.5 = { = 10.5) as a function of ¢, at fixed » The
temperature is the same as in Fig. 3a+Db, namely
T =300 K. The behaviour of 4E, Eq. (1L21), as a
function of ¢ demonstrates convincingly that chan-
nels with certain polarizability properties can ex-
hibit a tremendous power of selectivity. In the
present case the most pronounced effects are to be
expected in the vicinity of &= 0.3. In this region the
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Fig. 4. The activation energies of the central binding site as a
function of the ligand flexibility, &, for different ion sizes (ex-
pressed by independently chosen values of »)

increase in AFEq e with decreasing ion size is most
dramatic.

The variation of the escape rates with varying
ion radius depends on the actual relation between ¢
and »x, and 1s therefore model-dependent. Moreover,
it depends on ion as well as on ligand masses. In the
next step the rates of escape from the central
binding site will be calculated using the dependence
of »% upon ¢ established before. The ingredients for
the calculation of the escape rate

1":} kBT i e"ﬂ%tr(“)

<0 l 27 Mege j'dé’ e~ Bku()
are the potential of the mean force Vi ((), Eq.
(IIL4), and the effective mass according to Eq.
(IL21). As 1in previous calculations (Schroder

1983b, c), all ligand masses are assumed to be
equal with

m,=mp= 0.695Na.

For the central binding site we have a= 14.5 and
¢ =16.5, where mey has to be taken at {=c. The
temperature is again 7 =300 K. For the present,
» and ¢ have been taken as independent parameters,
where the rates have been evaluated as a function of
» for two different channels, namely for ¢ = 0.05 and
e=0.3. The result is shown in Fig. 5a+b. Along
each curve the respective ion mass is a constant. For
both the channels, the sequence of the rates follows
the sequence of the respective ion masses, i.e. small

(IL5)
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ions are favoured. However, mass and radius are not
independent. Therefore, only one point on each
curve belongs to the matching pair of radius R; and
ion mass my, where Ry is to be represented by the
corresponding ». These points have been marked by
crosses and are given by the x values listed before.
Thus a unique relation between ion mass and the
interaction parameter » has been established.

The corresponding rates can easily be read from
Fig. S5a+b. The numbers are as follows:

I (e=0.05) I (=0.3) I (e=c0) [s™!]
Lit 1.60 - 10" 6.21- 10 2.79 - 10°
Na* 1.98 - 10" 4.30- 10° 9.15 - 10°
K* 2.76 - 101! 3.81 101 4.56 - 101
Rb* 2.30- 10" 5.98 - 1010 6.02 - 1010
Cs+ 2,27 10! 1.22 - 10! 1.14- 10"

The numbers in the third row are the results of the
rigid channel (Schroder 1985), which have been
added for comparison. It is evident that in all cases
the rates depending on both mass and radius differ
greatly from the rates depending on the mass only.
Most striking is the influence of the channel polar-
izability. Whereas the ratio between Cs* and Li* is
about 40 for the rigid channel, it is 200 (!) for the
channel with ¢=0.3. Tt is also obvious that the
polarizability of the channel affects smaller ions
more strongly than larger-ones. Since the separation
between ion and ligands depends on the ion radius,
the polarization energy increases with decreasing
ion radius. Thus the polaron-like character of the
ion-ligand system is more pronounced for smaller
than for larger ions, and more for “soft” channels
than for “hard” ones. With the increase of the
activation energy for small ions the mean residence
time of the ion at a binding site increases, or in
other words, the lifetime of the polaron increases.
However, this increase in dwelling time is not only
due to the activation energy. In addition, smaller
ions travel longer than larger ones, because the
distance connecting two points in configuration
space shrinks with increasing ion size. For given ion
mass the effective mass increases with decreasing ».
This effect is evident from Fig. 1a—d.

The aforementioned method employed to asso-
ciate given ion mass and radius with the model
parameter x is used in the final step of this discus-
sion to present the individual ionic escape rates as
continuous functions, I" (¢), of the elastic constant e.
That means that a rate with respect to any binding
site within the channel, and therefore the transmem-
brane current, can be expressed by a one-parametric
function, where the potential profile for different
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Fig. 5a. The rates presented as constant mass curves with x as an independent variable for a “shoft” channel (¢=0.05) at
T = 300 K. The actual escape rates for the matching pair of mass and radius are marked by a cross on the respective constant
mass curve. b The rates presented as constant mass curves with » as an independent variable for a “hard” channel (¢=0.3) at
T =300 K. The actual escape rates for the matching pair of mass and radius are marked by a cross on the respective con-

stant mass curve
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Fig. 6. The escape rates for the five different alkali ions
plotted as the functions of the ligand flexibility, &, at
T=300K

ion species is automatically considered. In Fig. 6 the
rates for the five alkali ions with respect to the
central binding site are plotted for different values
of ¢ (0.05 = ¢=2.5) at T=300K. For very small ¢
values (¢ = (.05) the activation energies practically
vanish, and therefore the application of a rate
theoretical formalism is not very useful. Moreover,
in this region the ligands show unrealisticly large
fluctuations, because they can rotate almost without
hindrance. The calculations performed down to
& =0.05 have only been included to demonstrate the
tendencies. Apart from this region the rates clearly
follow the Eisenman sequence I with well separated
values for neighbouring ions. The rates for the
heavier ions Cs*, Rb* and K* are rather insensitive
to & whereas the lighter ions Na* and Li* are
strongly affected, especially in the vicinity of small &.
This difference is a direct consequence of stronger
polarization effects for smaller ions. The greatest
variation among the ion specific rates are found for
&~ 0.3. Coincidently in this region the librations of
the ligands can be considered realistic (see Eq.
(I11.2)). For increasing ¢ the possible librations
become smaller and smaller and the rates assume




asymptotically the values belonging to the rigid
channel, as calculated previously (Schroder 1985).
Obviously the efficiency of a channel with respect to
acting ion-selectively depends essentially on the
ability to perform ligand librations of a certain mag-
nitude, here described by corresponding values of
the parameter e.

The meaning of these results must certainly be
seen and discussed in the light of the experimental
findings. Here the observed transmembrane currents
of the gramicidin A channel are effective currents,
i.e. they include effects due to the natural environ-
ment, such as water, membrane, etc. The corre-
sponding effective conductances follow the Eisen-
man sequence I (Bamberg et al. 1977) with approxi-
mately the same ratios between neighbouring ions
but smaller separations in comparison with the
present theoretical results. Since for all binding sites
within the channel a similar result as for the central
binding is to be expected, the rates shown in Fig. 6
are representative for the conductance properties of
the model channel in the presence of one dehydrat-
ed ion. On the other hand, the effect of additional
water molecules accompanying the ion can be esti-
mated from basic properties of the ion-channel sys-
tem. It is reasonable to assume that, on the average,
an ion is preceded and followed by one water mole-
cule. Due to the mutual electrostatic interaction be-
tween ion and water this compound can be con-
sidered as a quasi-particle with an effective mass
considerably larger than the ion mass. This quasi-
particle is then subject to an escape process. The
sandwiched 1ons will suffer a decrease in their
mobility, where smaller ions will be more affected
than larger ones. Thus the effective activation energy
will be decreased more for smaller ions than for
larger ones. Hence the presence of water can be ex-
pected to diminish the separation of the rates be-
tween each two neighbouring ions, where the larger
ions will hardly be affected. An unchanged sequence
thus requires a larger separation of neighbouring
ion — specific rates in the absence of water than in
the presence of water. This condition is evidently
fulfilled for this model.

Summary

The subject of this investigation has been a grami-
cidin-like channel model with flexible ligands under
the aspect of ion-specific conductance. The three-
dimensional motion of the ions within the channel
has been considered in the form of a paraxial ap-
proximation, where the ability to move off the
channel axis has been directly related to the respec-
tive ion radius. The complex nature of the transport
process due to the cross-coupling between ligand
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libration and three-dimensional ion motion requires
an adequate rate theoretical description. For this
purpose a generalized transition state method has
been developed, which takes proper care of the
escape across multi-dimensional barriers. It is shown
that the rate with respect to a chosen reference co-
ordinate, the reaction coordinate, is obtained from
the projection of the mean reaction onto the former.
The formulation of this problem leads to a renor-
malized expression for the rate which contains both
effective mass and effective potential (potential of
the mean force). Since all lattice masses are in-
volved, the jump rate has a non-local character, i.e.
the jump process between two neighbouring sites
depends on the presence of all other binding sites.
In the next step a detailed analysis of the equilib-
rium configurations and the mutually coupled
motion of ion and ligands has been carried out.
Thereby it has been found that the polarization
effect of the channel caused by an ion strongly
depends on the ion radius and on the flexibility of
the ligands. For this reason small ions like Li* and
Na* are generally at a disadvantage. The dwelling
time of smaller ions is larger than of bigger ones.
Moreover, the distance covered between two sites
increases with decreasing radius in both real and
configuration space. This combined effect is en-
hanced by the polarizability of the channel and is
most pronounced when the average ligand libration
is about 20°. Here the ratio of the rates between
Cs* and Li* is about 200, which is 5 times larger
than in the case of the rigid channel. For all reason-
able values of the dipolar binding constant the
model channel features a well defined Eisenman
sequence . Recent publications of Pullman et al.
(Etchebest and Pullman 1984; Pullman and Etche-
best 1983; Etchebest etal. 1984) concerning the
energy profile of the gramicidin A channel due to
the electronic polarizability of the ligands show a
great similarity with the present model as far as a
comparison is possible. It seems realistic to obtain a
dependable simulation of the channel by a combina-
tion of both the electrostatic and the quantum-
chemical model, the latter of which does not account
for flexible dipoles. Since it is formally very easy to
introduce an additional anisotropic polarizability
for each permanent, individual dipole, the relevant
quantities, i.e. effective polarizabilities could be
extracted from Pullman’s results and fed into an ex-
tended electrostatic model. Proceeding in accordance
with the present technique the influence of the addi-
tional internal degrees of freedom on the escape
rates could be studied directly.
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